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Abstract 



We formulate the notion of the Finsleroid-Finsler space, including the positive- 
definite as well as indefinite cases. The associated concepts of angle, scalar product, and 
the distance function are elucidated. If the Finsleroid-Finsler space is of Landsbcrg type, 
then the Finsleroid charge is a constant. The Finsleroid-Finsler space proves to be a 
Berwald space if and only if the Finsleroid-axis 1-form is parallel with respect to the as- 
sociated Riemannian metric and, simultaneously, the Finsleroid charge is a constant. The 
necessary and sufficient conditions for the Finsleroid-Finsler space to be of the Landsberg 
type arc found, which arc explicit and simple. The structure of the associated curvature 
tensors has been elucidated. 
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1. Introduction and synopsis of conclusions 



The ideas and methods of the Riemannian geometry admit ingenious success- 
ful metric extensions by using various Finslerian metric functions (sec [1-12]). The 
Finslcroid-typc metric function which properties have been systematically exposed 
in the previous work [12-14], is interesting because of entailing numerous remarkable 
implications, including the positive-definiteness, the constant curvature of the indicatrix, 
the special algebraic form of the Cartan tensor, the occurrence of the angle and scalar 
product, the particular conformal properties, the distance as well as the explicit solu- 
tions to the geodesic equations in the respective Finsleroid-Minkowski space, etc. The 
Finsleroid is the unit ball defined by the function K under treating K as a, Minkowskian 
norm. The respective Finslerian indicatrix is the boundary of the Finsleroid, which is 
strongly convex and rotund. 

Below we introduce an appropriate extension to work on curved manifolds, such that 
the Finsleroid-Minkowski structure gets placed on each tangent space. Namely, given a 
Riemannian space under assumption that the space admits a 1-form, we use the involved 
Riemannian metric S and the 1-form, introducing also the scalar g which plays the role of 
the Finsleroid charge, to construct on the Riemannian space the Finsleroid-Finsler metric 
function K such that in each associated tangent space the vector entering the 1-form plays 
the role of the axis of the Finsleroid. We call the result the Finsleroid-Finsler Space, 
the TJ^^^ -space for short. The space thus appeared is actually some structure over a 
Riemannian space. Whenever g = the Finsleroid is the Euclidean unit ball and whence 
the ^^^^-space is a Riemannian space. 

Clarifying and studying the entailed Finslerian geometric structure, the connection 
and curvature included, seems to be an urgent task. First of all, it is of interesting to 
clarify the Berwald and Landsberg types among the metric functions of the jFjF^-'^-space, 
for the types play an important role in the modern Finsler geometry (see [7-9,15]) and 
sound intriguing to apply in developments of physical applications. Accordingly, we start 
with raising up the following questions. 

QUESTION 1. Do there exist non-trivial conditions under which the Finsleroid- 
Finsler space is a Berwald spacel 

QUESTION 2. Can the Finsleroid-Finsler space be of Landsberg type and not of 
Berwald typel 

Let {Aijk} denote the Cartan tensor and Ai :— g^^Aijk be the contraction thereof by 
means of the Finslerian metric tensor. Among the conditions 




(1.1) 




(1.2) 



= 0, 



(1.3) 



Aj = (1.4) 
the last one is obviously weakest. We shall comply with the notation adopted in the 
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book [7], so that the bar means the /i-covariant derivative, the dot over A stands for the 
action of the operator where T = y^K, and the indices i,j, . . . refer to natural local 
coordinates (denoted by a;*); the notation y is used for tangent vectors; 

X = X/ (1.5) 

for any tensor X. For purposes of calculations performed below, the smoothness of the 
class is sufficient for the associated Riemannian space 7?. at as well as for the input 
1-form b — bi{x)y^ and the scalar g{x). The upperscript "PD" emphasizes the Positive- 
Definiteness (see the determinant value (2.25) in Section 2) of the ^^j^^-space under 
study. 

A Finsler space is said to be a Berwald space if the condition (1.1) holds. A Landsberg 
space under the Finslerian consideration is characterized by the condition (1.3). 

INITIAL OBSERVATIONS. // the weakly Landsberg condition (1.4) holds, then the 
Finsleroid charge is independent of points x of the background manifold: 

g — constant. (1.6) 

The weakly Landsberg condition (1.4) entails the Landsberg condition (1.3), and the weakly 
Berwald condition (1.2) entails the Berwald condition (1.1). 

A mere glance at the algebraic structure (2.27)-(2.28) of the ^jF^^-space Cartan 
tensor is sufficient to recognize the validity of these assertions. 

Below, we shall confine the treatment to the dimensions 

> 3, (1.7) 

keeping in mind that the two-dimensional J^jFj'^-space is of simple structure (we shall 
present required notes in the last section Conclusions). 

In our consideration, an important role will be played by the lengthened angular 
metric tensor 

A-A- 

Hij —hij-^^ (1.8) 

which fulfills the identities 

Hi,y = o, nijA^ = Q, nijV = Q; (1.9) 

hij is the traditional Finslerian angular metric tensor (see (2.24)). 
We set forth the following theorems. 

Theorem 1. Whenever the Finsleroid charge is a constant, the condition (1.6), the 
representation 

A = ^nrPm (1.10) 

Zq 

takes place, where 

Pm = y'^jhrn + \gqVV jbm- (1.11) 



Here, q is the quantity (2.3) and V stands for the covariant derivative with respect 
to the underlined Riemannian metric S. 
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Whenever the Finsleroid charge is a constant, all the three identities 

Ajv^ = 0, AjA^ = 0, Ajb> = (1.12) 

are fulfilled. Indeed, the first identity is universal for any Finsler space. In the JFJF^-^- 
space, the contraction A'^Ah is a function of the Finsleroid charge g (see (2.28)), so that 
whenever g = const we must have AjA^ — 0. The third identity is a direct implications 
of the first and second ones because Ai are linear combinations of i/i and bi (see (A. 7) in 
Appendix A). 

Comparing (1.12) with (1.9) gives a handy clue to search for the object Ai of the 
^^^^-space to be a contraction of the tensor Ti^i by a vector. The straightforward and 
attentive (and rather lengthy) calculations result in (1.10) and (1.11)); the vanishing 

b>Wibj = (1.13) 

(the vector 6, is of the unit Riemannian length according to the formula (2.5) of the next 
section) nullifies many terms appearing while calculating. In particular, applying (1.13) 
to (1.11) results in 

b'Pi = 0. (1.14) 
Let us turn to the Berwald condition. 

Theorem 2. The T J- -space is a Berwald space if and only if in addition to the 
constancy (1.6) of the Finsleroid charge the Finsleroid-axis field bi{x) is parallel, Vibj — 0, 
with respect to the input Riemannian metric S. 

Under the conditions set forth in this theorem, the /i/i-connection and the hh- 
curvature tensor are the Riemannian connection and the Riemannian curvature tensor pro- 
duced by the input Riemannian metric and the /it;-curvature tensor P vanishes identi- 
cally; at the same time, the basic Finslerian metric tensor remains being non-Riemannian 
(unless g = Q). 

Theorem 2 is a particular case of the following. 

Theorem 3. The J^J^^^ -space is a Landsberg space if and only if in addition to the 
constancy (1.6) of the Finsleroid charge the Finsleroid-axis 1-form b = bi{x)y'^ is closed 



and obeying the condition 



with a scalar k — k{x). 



Vjbi - Vibj = (1.15) 
Vibj = k{aij - bibj) (1-16) 



In such a space, it proves possible to obtain a simple explicit representation for each 
distinguished Finslerian tensor. In particular, we have the following. 

Theorem 4. In any Landsberg case of the T -space, the tensor 

Pijkl '■= —Aijk\i (1-17) 

is of the special algebraic form 

Pijkl — — {T^ijT^ki + 'HikHji + HjkHiijk, (1-18) 



4 



and therefore, 

A\j = (1-19) 

In (1.16), (1.18), and (1.19), the case k — corresponds to the Berwlad type. 

In the above formulae, K is the Finsleroid metric function given by (2.14)-(2.18) and 
B is the characteristic quadratic form (2.11). The formula (1.18) is remarkable in that 
the tensor (1.17) is lucidly constructed in terms of the lengthened angular metric tensor 
Hij defined by (1.8). Complete representation for the /it'-curvature tensor Pkmn can be 
found in the end of Appendix A below. 

The tensor Pij^i given by (1.18) is totally symmetric in all four of its indices and, 
owing to (1.9), is entailing the identities 

Pijkiy' = 0, PijkiA' = 0, Pijkib' = 0, (1.20) 

which in turn entail 

Aby = 0, Ab-4' = 0, A^jV^O. (1.21) 

The sufficiency in Theorem 3 is easy to verify by direct (two-night-long!) compu- 
tations. As regards the necessity, the representation (l.lO)-(l.ll) given by Theorem 1 
proves to be not only elegant but also handy in permitting the equation Ai = to be 
resolved, using a rather simple Lemma proven in Section 3. The shortest way to arrive 
at the representation (1.18) stated by Theorem 4 is to apply the Finslerian formula (3.1) 
of Section 3. 

The Landsberg-characteristic condition (1.16) entails the equality 

yyVjk = kq' (1.22) 

and also the identity 

bi\/jbi = (1.23) 

(supplementary to (1.13)). If we consider the h-lines which comprise the congruence 
tangent to the vector field }f{x), noting also the Riemannian unity (see (2.5) below in 
Section 2) for the length of the vectors 6*, we are justified in concluding from (1.23) that 
the following proposition is a truth. 

Proposition 1. In any Landsberg-case of the J-'J-'g^ -space, the b-lines are geodesies 
of the associated Riemannian space. 

When the Landsberg case takes place for a ^^^^-space, the computation of the 
key contraction YnmU^'y"^, with Ynm being the associated Finslerian Christoffel symbols, 
leads us to the following astonishingly simple result: 

fnmy^y"^ = gqk{y' - m + a\^y"y"^, (1.24) 

where a^km are the Christoffel symbols constructed from the input Riemannian metric S. 
Since the representation (1.24) entails the nuUification 

&^(ynn^2/"2/™-aW2/")=0 (1.25) 



(notice that Uhi = 1 in accordance with the formulas (2.5) and (2.8) of the next section), 
we are justified in stating the following remarkable assertion. 
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Proposition 2. In any Landsberg case of the J^J^g^ -space, the covariant deriva- 
tives of the vector field h,i{x) with respect to the Finsler connection and with respect to the 
associated Riemannian connection are equal to one another. 

bi\J = "^jbi- (1-26) 

The commutator 

(VmVn ~ ^n^m)bk = k„i{cink ~ ^n^fc) ~ knicirnk ~ bmf>k) (-'-•27) 

(insert the Landsberg-characteristic condition (1-16) in the left-hand part) is vahd with 
the vector 

kn=Q^ + k'h^- (1-28) 

Finally, the formulas obtained in the end of Appendix A enable us to formulate the 
following. 

Proposition 3. In any Landsberg case of the TTg^ -space, the tensor 

Pij ■ — 2^'^' "^■J ^ ij^^ 'c2pij^ (1.29) 

is covariantly conserved: 

p'jli = 0. (1.30) 

Lengthy straightforward calculations lead to the following assertion. 

Proposition 4. Let us be given a J- J- space with constant Finsleroid charge. 
Then the tensor Aiki is of the following special algebraic structure: 



{Hki + CkHii + c{Hik^ (1-31) 



with 

1 , \ 1 / . . 1 



Ci = (y'Vjh + ^gqVV.h^ - - (y'y'^V.bh + -gqy^'VV ,bh)v^, (1.32) 
where Vi — Uiny^ — bbi. 

This just entails the representation 

A = (1.33) 
Zq 

which is equivalent to (1.10). The vector (1.32) fulfills the identities 

Cif^O, Cib'^0, qA = (1.34) 

(notice that = 0). 

Below, in Section 2 we formulate rigorously the basic concepts which underline the 
notion of the ^jF^^-space. The Finsleroid-Finsler metric function, K, given by the 
explicit formulas (2.14)-(2.18), is defined by the triple: a Riemannian metric S, a 1-form 
b, and a scalar g{x). We attribute to the vector b\x) of the 1-form the geometrical 
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meaning of the direction of the axis of the Finsleroid supported by a point x G M, and 
to the scalar g{x) the meaning of "the geometric charge", particularly "the Finsleroid 
charge". Would the charge g{x) be zero, the function K reduce to the Riemannian S. 
The special and lucid algebraic form (2.27)-(2.28) of the associated Cartan tensor gives 
rise to many essential simplifications, including the constant curvature of the Finsleroid 
indicatrix. The explicit formula (2.34) is proposed for the angle that equals the length 
of a piece of the Finslerian unit circle on the Finsleroid indicatrix (the meaning of such 
an angle complies totally with the ordinary meaning of the Euclidean "induced angle" on 
the tangent spheres in the Riemannian geometry) . Having obtained the angle, we obtain 
the scalar product, too. 

In Section 3 we place the arguments which verify the validity of the above theorems. 

In Section 4 the structure of the associated curvature tensor is elucidated in various 
aspects. 

In Section 5 we open up the remarkable phenomenon that the Landsberg-type 
^^^^-space is underlined by a warped product metric of the associated Riemannian 
space with respect to the 6-geodesic coordinates. 

In Section 6 we indicate a convenient possibility to re-formulate the theory in the 
indefinite case of the time-space type. The resultant space will be referred to as the 
J-'J-'g ^-space. Although the above formulas and the analysis presented in Sections 3-5 
are all referred to the positive-definite simple additional consideration (omitted 

in the present paper) shows that all the principal representations and conclusions can 
straightforwardly be re-addressed to the indefinite pseudo-Finsleroid space exposed in 
Section 6: to do this, in most cases it is sufficient merely to change in formulas the 
sign of the Finsleroid charge g. Whence all Theorems 1-7 and Propositions 1-5 remain 
valid under transition from the positive-definite Finsleroid-Finsler J^^^^-space to the 
indefinite pscudo-Finsleroid-Finsler ^^^"^-space. 

The basic geometric ideas involved and possible applied potentialities of the spaces 
proposed are emphasized in Conclusions. 

Appendix A summarizes the important representations which support the calcula- 
tions involved. 



Let M be an A^-dimensional differentiable manifold. Suppose we are given on M 
a Riemannian metric S = S{x,y), where x E M denotes points and y G T^M means 
tangent vectors. Denote by 7^ at = (M, S) the obtained A^-dimensional Riemannian space. 

Let us assume that the manifold M admits a non-vanishing 1-form, to be denoted 
as (3 — l3{x,y), and introduce the associated normalized 1-form b — b{x,y) such that the 
Riemannian length of the involved vector be equal to 1. With respect to natural local 
coordinates in the space TZ^ we have the local representations 



2. Positive-Definite Case 



6 = 



bi{x)y\ 



(2.1) 




(2.2) 




(2.3) 
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with 

rij{x) = aij{x) - bi{x)b-j{x) (2.4) 

and 

a'^bibj = 1. (2.5) 

The decomposition 

S^ = b^ + (2.6) 

introduces a Riemannian metric q on the {N — l)-dimensional Riemannian space TZn-i C 
TZn given rise to by the orthogonahty relative to the 1-form b, for from (2.4) and (2.5) it 
foUows that 

b% = 0, (2.7) 

where 

b' :^a%k- (2.8) 
Finally, we introduce on M a scalar field g = g{x) subject to ranging 

-2 < g{x) < 2, (2.9) 

and apply the convenient notation 



h^xll-\g', G^g/h. (2.10) 



The characteristic quadratic form 

B{x, y) := 6^ + ^^fe + ^2 ^ 1 [(5 + g^qf + (5 + g_qf'\^ > (2.11) 

where g+ = -g + h and g_ = -g — h, is of the negative discriminant 

D{B} = -4/i^ < (2.12) 

and, therefore, is positively definite. In the limit (7 — > 0, the definition (2.11) degenerates 
to the quadratic form (2.6) of the input Riemannian metric tensor: 

= S\ (2.13) 

In terms of these concepts, we extend the notion of the Finsleroid metric function K 
proposed early in the framework of the Minkowski space (see [12-14]) and introduce the 
following definition adaptable to consideration on manifolds. 

Definition. The scalar function K(x, y) given by the formulae 

K{x,y)^^/B{^)J{x,y) (2.14) 

and 

J(a;,7/) =e5«*(^'f), (2.15) 

where 

$(a;,|/) = - + arctan— - arctan(^^^^V if 6 > 0, (2.16) 
2 2 V /io / 
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and 

y) = + arctan ^ - arctan(^^^^J^] , if 6 < 0, (2.17) 

with 

L(x,y) = g + |6, (2.18) 

is called the Finsleroid-Finsler metric function. 

The positive (not absolute) homogeneity holds fine: K{x, Xy) — XK{x, y) for all 
A > 0. 

Sometimes it is convenient to use also the function 

A{x,y)^h+^-q. (2.19) 

We have 

+ h%'' ^B, A' + = B. (2.20) 

Definition. The arisen space 

:= {7^^^; h{x,y)- g{x)- K{x,y)} (2.21) 

is called the Finsleroid-Finsler space. 

Definition. The space TZn entering the above definition is called the associated 
Riemannian space. 

Definition. Within any point T^M., the Finsleroid-metric function K{x., y) pro- 
duces the Finsleroid 

^fw {y e ^fw : y e t^m, K(x, y) < 1}. (2.22) 

Definition. The Finsleroid Indicatrix I^^y e T^M is the boundary of the 
Finsleroid: 

{y e ^fw ■■ y e T^M, K{x, y) = 1}. (2.23) 

Since at = the JTjT^^-space is Riemannian, then the body T^^q^^^ is a unit ball 
and /^i^i is a unit sphere. 

Definition. The scalar g{x) is called the Finsleroid charge. The 1-form h is called 
the Finsleroid-axis 1-form. 

Under these conditions, we can explicitly calculate from the function K the distin- 
guished Finslerian tensors, and first of all the covariant tangent vector y — {yi}, the 
Finslerian metric tensor {gij} together with the contravariant tensor {g^^} defined by the 
reciprocity conditions gijg^^ = 5f , and the angular metric tensor {hij}, by making use of 
the following conventional Finslerian rules in succession: 



IdK^ „ . 1 9^K^ dyi 
2~dy' 
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Calculations show that the determinant of the associated Finsleroid metric tensor is ev- 
erywhere positive: 

det(^i,) = (^)'^det(a,,) > 0. (2.25) 
After that, we can elucidate the algebraic structure of the associated Cartan tensor 

A.., (2.26) 

which leads to the following simple and remarkable result: The Cartan tensor associated 
with the Finsleroid-Finsler metric function K is of the following special algebraic form: 

Aijk = (hijAk + KkAj + hjkAi - j^AiAjAk^ (2.27) 

with 

A,A^ = — (2.28) 

which is in fact a mere adaptation of the Cartan tensor structure known in the Finsleroid- 
Minkowski approach developed in [12-14]. Elucidating the respective tensor 

mn '■— 'j^i.Ah^ rnAi n AjJ j^A^ ^) (2.29) 

describing the curvature of the indicatrix results, upon using (2.27), in the simple repre- 
sentation ^ 

Inserting here (2.28), we are led to the following remarkable assertion. The indicatrix 
curvature tensor (2.29) of the space !F!Fg^ is of the special structure such that 

Rijmn S {himhjn hinhjm) / K (2.30) 

with 

S* = -\g\ (2.31) 

Recalling the known formula 7?. = 1 -|- 5"* for the indicatrix curvature (see Section 
1.2 in [1]), from (2.29) and (2.30) we conclude that 

^Finsleroid Indicatrix — h =1 ' (2.32) 

SO that 

^Finsleroid Indicatrix ^ 1 

and 

7? -7? _ -1 

'■^Finsleroid Indicatrix '' '■^Euclidean Sphere — 

Geometrically, the fact that the quantity (2.32) is independent of vectors y means: The 
Finsleroid indicatrix is a space of constant positive curvature. 

Given any two nonzero tangent vectors yi,y2 £ T^M of a fixed tangent space, we 
can, by following the previous work [12-14], obtain the TJ^g ^-scalar product 

<yi,y2>{x} ■= K{x,yi)K{x,y2)cos(a{^}{yi,y2)^ (2.33) 
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and the !F!Fg^ -angle 

aM(yi,y2) := T arccos j===^^=== ^, (2.34) 

VB{x,yi) y/B{x,y2) 

where < yi,y2 >{x}~ ^ii(^)l/il/2- The J-'J-'g ^-distance As between ends of the vectors in 
the tangent space is given by the formula 

{Asf = {K{x, y,)f + {K{x, y2)f - 2K{x, y,)K{x, ^2) cos(a{,}(yi, ^2)) , (2.35) 

which extends the ordinary Euchdean cosine theorem. At equal vectors, the reduction 

<y,y>{x}={K{x,y)f (2.36) 

takes place, that is, the two- vector scalar product (2.33) reduces exactly to the squared 
Finsleroid-Finsler metric function. 

These scalar product and angle obviously exhibit the symmetry: 

(yi, y2){x} = (?/2, yi){x}, a{x}{yi, y2) = q;w(?/2, yi)- (2.37) 

They are entirely intermediary, supporting by a point a; G M of the base manifold M 
(in just the same sense as in the Riemannian geometry) and being independent of any 
vector element of support. The angle (2.34) furnishes actually the ordinary meaning of 
the arc-length s cut off by a geodesic piece on the indicatrix: 

«{x}(2/l, 2/2) = S(Finsleroid Indicatrix} (^^i 2/1, 2/2)- (2.38) 

Namely, considering the indicatrix together with the geodesic curves thereon, we can 
calculate the length of the geodesic piece which joins the ends of the unit vectors /i = 
yi/ K{x,yi) and li = y2/K{x,y2), thereby obtaining the right-hand part in (2.34). Taken 
(2.38) to be the definition for the angle, the exphcit representation (2.34) can be verified 
by direct calculation of the arc length over the Finsleroid indicatrix; the same angle is 
derivable by postulating the cosine theorem (2.35) (see the previous work [12-14]). The 
formula (2.34) assigns the angle to be a length of a piece of the Finslerian unit circle on the 
Finsleroid indicatrix. Whenever the Finsleroid charge is zero, g = 0, the Finslerian angle 

(2.34) reduces to the ordinary Riemannian angle arccos (b{x,yi)b{x,y2)+ < 2/1,2/2 >{x\ 

) ,,))-'] = arccos [a.,(.),i!4(s(x.,,)S(x.,.); 

In particular, if we consider the angle a^^y^y) formed by a vector y G T^M with the 
Finsleroid axis in a fixed T^M, from (2.33) we get the respective value to be 

/ X 1 ^(^,2/) / \ 

«w(l/) T arccos ^===. (2.39) 

3. Search for Berwald and Landsberg types of ^^^-^-space 



-ii 



In any Finsler space subjected to the Landsberg-type condition the equality 
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(see (12.4.1) on p. 326 of the book [7]) holds. In the jFjFj'^-space under study, the 
representations (A. 23) and (A. 24) may be used to just conclude from (3.1) that 

'^jkii = 7^{T^ijT^ki + T^ikT^ji + T^jkT^u)K X — -: (3-2) 
z q 

in terms of the lengthened angular metric tensor Tiij (defined by (1.8)). 

The representation (3.2) is beautiful but only suggestive, assigning a necessary condi- 
tion. To gain the full sufficient condition for the J^jT^'-'^-space to be of a Landsberg type, 
we are to straightforwardly calculate the object Ai, taking into account the constancy 
(1.6) of the Finsleroid charge and the vanishing VVibj = (see (1.13)). On so doing, we 
arrive at merely 



Ng 



+ ^^^^^ " y ^^^'J + ^^-^^ 

with Pi being given by (1.11). This representation (3.3) can readily be rewritten in the 
form (1.10). 

It is easy to prove the following. 

Lemma. In the J^J^g^ -space with g = const 7^ 0, 

i- = <^ Wjbi^k{x){aij -bibj). (3.4) 



Indeed, the right-hand side of the obtained representation (3.3) for the object Ai 
is such that the vanishing A^ = takes place if and only if the vector Pi is a linear 
combination of Ui — aijy^ and 6^: 

Pi = kiUi + k2bi (3.5) 

(the tensor Hik is of the rank N — 2 and at each point x E M has the isotropic plane 
spanned by the vectors Ui — Qiji/^ and 6j because of the identities (1.9)). To agree with 
the identity b^Pi — (see (1.14)), we must put k2 — —bki, obtaining 

y^Vjbi + ]^gqVVjbi = ki{ui - bk) = kiVijU^. (3.6) 

If we apply here the operator b'^d/dy^ and take into account the vanishing TijV = (see 
(2.7)), together with b^dq/dy^ = (which is tantamount to (2.7)), we may conclude that 
b'Vjbi = 0, whence in (3.6) the term y^Vjbi must be proportional to Ui — bbi. Therefore, 
the examined condition Ai = reduces to y'^V jbi = k{ui — bbi), where /c is a factor. Since 
here the vectors y^'Vjbi and Ui — bbi — {(^ij ~ i>ibj)y^ are linear functions of the set {y^}, 
the factor k may not depend on y^. Therefore, y^V jbi — k{x){ui — bbi). Differentiating 
the last result with respect to y^ just yields V jbi — k{aij — bibj) with k — k{x). Lemma is 
valid. 

Therefore, Theorems 3 and 4 are valid. 

In processing calculations, it is frequently necessary to keep in mind that the formulas 
(1.24)-(1.26) entail the following. 

Proposition 5. In any Landsberg case of the J^J-'g^ -space, the covariant derivative 
of the input Riemannian metric tensor a^n is such that 



(^mn\k 

q 



{akm - bkbm){Un " &&n) + (Ofcn " hK){Um " ^^m) + (Onm " bnbni){Uk - bbk) 



12 



-^(Wm - bbm){Un - hhn){Uk - 



For the vector — a^nnU^ we get 

gk 



q 



q {cLkm - hbm) + {Uk - bbk){Um - 66^ 



(3.7) 



Uk\m, (3.8) 



after which we obtain 

bik^y'^Vkhn^Huk-bbk), (3.9) 



{q' + b% = a^n\ky"Y = -^gq^nb, (3.10) 



q\k^~{b + gq)^kb, (3.11) 



{bq)\k = ^[?' - Kb + 9q)]^kb, {q/b)\k = -^V^fc, {b/q)\k = ^V^fc, (3.12) 

and 

J\n = f JV„6, = -— V„6. (3.13) 



Kb = A;g^ A - 

q 

and 



Kb = A;?^ A - ^i), (3.14) 



SS^-gqb, q = --(b + gq)b, ibq) = -[q^ - bib + gq)]b, B ^ -^b. (3.15) 
g g q 

It is the implication (3.14) that turns the suggestive representation (3.2) into the 
conclusive result (1.18). 
We have 

B\m\n — B\n\m — <^=^ AkR^ mn — 0. (3.16) 

4. Study of Curvature Tensor 



When straightforwardly calculating the /i/i-curvature tensor R'k on the basis of the 
known definition (see (A. 28) in Appendix A below) with YnmV^'y"^ given by (1.24), we 
obtain the following. 

Theorem 5. In the Landsherg-case T J- -space the following explicit and simple 
representation is valid: 

K^R\ = ^-^q'Wk + 9qv% - ^ (^nZ/'^) (^^ V, + qVk) + yVkruV""- (4.1) 
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Here, = - hU and Vra = Um- hhm = rmnV'^ with Um = amnV"^; rmn = a-rnn - bmbn 
being the tensor (2.4); r\ = a^^Tmn = S^n~b^bn', o-m^kn is the Riemannian curvature tensor 
associated with the input Riemannian metric 5; kn is the vector (1.28). The Berwald case 
in this theorem is conditioned by /c = 0. 

Prom (4.1) we find the tensor 

KR\m = ^-^(r\vrn-Vkr\) + ^v'{kkVrn-kmVk) - :2^q(r'kkrn-r\kk) +y''an'krn (4.2) 

(the use of the formula (A. 18) of Appendix A is convenient), and then the full /i/i-curvature 
tensor 

km ^ iXnmT k "^nk"^ m) '^2~^n{^^ k^m rrJ^k^ 



2ql 



^ nij^k'^m ^rn^k) ~l~ {kk'^mn ^mTkn) ~l~ km 

(4.3) 



(apply the rules (A. 29) and (A. 30) of Appendix A below). The first term in the right-hand 
side of (4.3) is independent of vectors y\ The equalities 

km — ^ -^n km (4-4) 

and 

BJ'k — V^Rnkml^ (4.5) 

hold. 

Prom (4.1) it follows that the Ricci scalar Ric :— is of the value 



Ric 



1 



q\N - 2) - \gqN{k^y^) + gq[k^y^ - b{Vk^)] + y"a„\^y-] ; (4.6) 



irn 4 

from (4.3) it follows that the tensor 

Rik ■ — I Rnikml (4-7) 

can explicitly be written as 

2 7,2 

BRik = - Yq^^mVn) i<l'nk - vm) + 2/"a,,,^|/- (4.8) 

(with ttnikm = ciijajkm)-! which can also be written in terms of the lengthened angular 
metric tensor as follows: 

2 h,2 7>^2 

K^Rik = - ^(kmyn)'l'nik + y'^anikmV'^—. (4.9) 

The symmetry 

Rik = Rki (4.10) 

and the identity 

y'R,k = (4.11) 

are obviously valid. 
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Prom (4.3) the contracted tensor is found: 



+ 



2q 



[kn - bn{b^kj)]vm + [km " bmib' kj)]vn + — [{v^ kj) - b{b' kj)] {rnm - 

J zq q 



(4.12) 



entailing the following expression for the total contraction of the curvature tensor: 



-pnm nm T3 i 

^ mn y im 



{N-2)(^{N-l)B + gY^ 



~g\N -2){b + gq)[k,y^ - b{Vkj)] + ^gYN{k,b^] 



I „nm 



(4.13) 



with 



anW"^ = 4^(an\ma'''^ - -{N - 1)(M") + -[{N - l)(fc,/) - {k^v^)]) 
K'^ \ q a / 



q 



We have 



The tensor (4.12) is non-symmetric: 



(4.14) 
(4.15) 



The contraction 



R-n im Rm in ^ i^^nkm '^mkn)- 

I q 



Rn\mV''' = - 2)Vn - ^^NVnik^Vn 



(4.16) 



+ 



9_ 
2q 



[kn - hn{Vkj)]q^ + [kmV"^ - h{V ki)]Vn 



~ '-'•n imy 



is obtained. 

Let us consider also the Ricci tensor 



Ric„ 



_ i cP{K-mc} 

'~ 2 dy'^dy"' ' 



the Ricci-deflection vector 



2 dy'^ 



and the Ricci-deflection tensor 



(4.17) 



(4.18) 



(4.19) 



nm • R^^nm 2 ^R^ ~^ Rm in) — '^r 



(4.20) 
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We obtain upon direct calculations the following lucid representations in terms of the 
lengthened angular metric tensor: 



and 

The identities 
and 



T„y- = 0, T„A" = 0, T„6" = 



(4.21) 

(4.22) 

(4.23) 
(4.24) 



^ nmU — 0, Yi^A — 0, ^Yijjib — 

are valid. It is useful to compare (4.21) and (4.22) with (1.10) and (1.19). 

To lower the index in the curvature tensor (4.3) we must apply the explicit expression 
(see (A. 2) in Appendix A below) for the Finsleroid metric tensor. On so doing, and using 
the contractions 



bj km, bj km 



(see (1.27)) and 

1 ~ 1 ~ 1 

^jRn km — ~, ij'nm'^k '^nk'^m^ ~l~ '^9Q\}^k{j'nm H 2'^n'^m^ ^mij^nk H 2^"^''')] '^j^n kmi 

4 I q q 

we obtain the result 



^nikm — ^ ynm^ik fnkfim} 



+ 



2q 



2q \ q^ ' q 

'^ini^k'^m ^m'^k) ~l~ '^ii^k'^mn ^m'^kn) ~l~ ^nikm 



+ 



_9_ 
qB 



+ 



{rnmVk -TnkVm) + {rnm + ^VnVm) "^m (rnfe+ ^VnVk)\+Ujan^ km 



which can be simplified to read 



^nikm — ^ 



Bq 



+ 



2q 



y^in ^2 ^*^") (^''-^"^ ^m'^k) '^iij^k'^mn ^m'^kn) „ ^nij'ikkm ^im^k^ 

Z q 



2B 



{S hi - hui) kk{r 



' nm o^n'^m^ ^mi^nk 2^'*^'^)] 
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(4.25) 



Let us use this representation to evaluate the contracted tensor g^"^Rnikm (the con- 
travariant components of the metric tensor involved are given by (A. 3) in Appendix A 
below). We get in succession: 



B 



2 1,2 



Bq 



2q 



i'^i'^ - ^.'"iv"')kmVk - Vi{kk{N - 2) - kmr"'k) - \-rik{kmV 

z q 



{S%i - hui) \kk{N - 2) - (rfc™ - \vuv'^)kr, 



2B 



q- 



and 



qB 



B 



g'k' 



1 



-j^y'^y'^Rnikm = "^ik " ViVk) " ^Qqink - -^ViVk)(kmy"') + y'^y^'anikm 

(which confirms (4.8)), together with 



B Q 



and 



supplemented by 



= Vikk - {kjy^)rik + —^{S\ - hui)[q^kk - {kjy^)vk] 
qB 

B 1 1 ~ ~ ~ 

-^h^y'^Rnikm = -^gq{rik - -^ViVk){kmb'^) + vuh - {kjy^)rik 



B 



The result of calculations is the following: 



nm p 
y ■'^nikm 



{N - 2) Tik + -^{S%i - hui)vk +—{h + gq){q\k - ViVk) 



Bq 



qB 



2q 



-V,v"')kmVk - Vi{kk{N - 2) - kmV'^k) 
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^{S% - bui) [hiN - 2) - (rfc™ - ^Vkv'^)km 



2B 



9^ 1 
IB q'^ 



—gqirik - \viVk){kmb'^) +Vkki - {k^y^Yik 
I q 



qb 
+ — 



-{kjV)rik - -^{S%i - bui)vk{kjb>) 
qB 



Simplifying yields 

g^k^ 



qB 



g K. 



■nikm 



4 



{S\ - bui)y^ anjkma'''^ + (6 + gq)y"Yanikm 



(N - 2) Tik + -^{S\ - bui)vk +^{b + gq){q^rik - ViVk) 



Bq 



qB 



+ 



2q 



\viv'^)kmVk - Vi{kkN - kmr'^k)] + ^-rikikruv"^) 
q^ \ 2q 



zJd I a 



9 1 
-7rBib + gq){rik - -^ViVk){kmy'^) 
IB 



+-{kjy^)rik + ]:g'^{rik - \viVk){kJf^) - -Vkh 



+0 Clnikm ~l~ j-i 

qB 



{S'^bi - bui)y^anjkma'''^ + {b + gq)y"'y'^anikm 



(4.26) 



Whenever kn = fbn, we obtain 



y ^nikm 



(TV - 2) Yik + bui)'^k\ + + 9q){q rik - ViVk) 
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■-^Vibkf - ^{S'^^i - bui)bkNf - ^b{b + 9Q)irik - -^ViVk)f 



+—rikf + ^/(nfc - \viVk)f - -Vkhf 



+0 CLfiikm ~l~ 



qB 



(4.27) 



and 



T)nm 

-n- mn - ^2 



(iV - 2) ((iV - l)B + 5^5^) + 



~r tin /imi/ 



with 



h nm 



B 



^2 («n\ma""^ + ^(A^ - 1)/) + + ■ (4-30) 

5. Warped Product Structure of Associated Riemannian Space 



(4.28) 



(4.29) 



Remarkably, the Landsberg-characteristic condition (1.15)-(1.16), as well as the 
Berwald-characteristic condition Vihj — 0, does not involve the Finsleroid charge param- 
eter g and, therefore, imposes restrictions on only the underlying associated Riemannian 
space TZn = {M,S). What is the geometrical meaning of the restrictions? 

The fact that the Finsleroid-axis 1-form b is closed (see (1.15)) and the 6-lines are 
geodesies (see (1-23) and Proposition 1) can be used to introduce on the background 
Riemannian space TZn — {M, S) the b-geodesic coordinates, to be denoted as — {2;°, z"-}, 
such that with respect to such coordinates we shall have 



b^{z') = 1, b'^iz') = 0, bo{z') = 1, ba{z') = 0, 



(5.1) 



aoo{z') = 1, aoa{z') = 0, aab{z') = rab{z'), roo{z') = roa{z') = (5.2) 

(wc have used the unit length (2.5) and the nullification (2.7)), obtaining the square of 
the Riemannian line element ds of TZn = {M, S) to be the sum 



{dsf = {dzy + rab{z')dz''dz^ 
and the Landsberg-characteristic condition (1.16) to read 



1 drabiz') 



k{zyab{z% 



2 dz^ 

the indices a, 6, c are specified over the range 1, . . . , A^" — 1. 



(5.3) 



(5.4) 
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Solving the last equation by the help of the representation 

Tabiz') = (t^\z')pa,{z'^) (5.5) 

subject to 

we can convert the sum (5.3) into the sum 

{dsf = {dzy + (l)\z')pab{z^)dz''dz^ (5.7) 

which says us that ds is a warped product metric. To emphasize the fact that the product 
property (5.7) has appeared upon specifying the ^^'^-coordinate line to be tangent to the 
Finsleroid-axis vector field 6*(,t). wc shall attribute to the space and metric obtained the 
quality of being of the b-warped product type. Thus we have the following. 

Theorem 6. An TJ^g^-space is of the Landsberg type if and only if the associated 
Riemannian space is a b-warped product space and the Finsleroid charge g is a constant. 

The warped product type of the Riemannian space was nicely exposed in the section 
13.3 of the book [7] (and we follow the terminology used therein). In that source, the 

interesting special class of warped products that is characterized by the condition that 
the function 0(-2*) be independent of was introduced and considered. Accordingly, we 
call the associated Riemannian space special b-warped space if the sum (5.7) is simplified 
to be 

{dsf = {dtf + (l)^{t)pab{z'')dz''dz\ (5.8) 

where t = z^. In this case from (5.4)-(5.6) it follows that the function k, and hence 

~ dk 

the field kn = -^—^ + k'^bn introduced in accordance with (1.28), may depend on only 

t = z^. Therefore, when treating with respect to the 6-geodesic coordinates, we have the 
proportionality of kn to However, the last proportionality is tensorial and must remain 
valid in terms of any admissible coordinates. Thus the following theorem may be stated 
to hold. 

Theorem 7. An J^J^^^ -space of the Landsberg type is of the special b-warped 
product type if and only if the 1-form kn{x)y''^ is proportional to the 1-form b — bn{x)y"': 

kn{x)^f{x)bn{x). (5.9) 



It is the condition (5.9) under which we have obtained the simplified representations 
(4.27)-(4.30) in the previous section. 

It is also interesting to specialize the Landsbcrg-typc jFjTj'^-space farther by the 
help of the following definition: The Landsbergian jT^r^'-^-space is called b-stationary if 

biaJkm = (5.10) 

holds at any point x G M. In this case, given a jFjF^^-space of the 6-stationary Landsberg 
type provided the space is not of the Berwald type, the identities 



A-R*fe — 0, AiR^kjn — 



(5.11) 
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hold, k is not a constant, the equahties 

6n = ^p ~kn=0 (5.12) 

are fulfilled, and the curvature tensor (4.3) is entirely independent of tangent vectors y. 
With respect to the 6-stationary coordinates, from (5.1) and (5.12) we obtain k — 1/t. If 
we specify the Landsberg type of the ^^^^-space by stipulating that 

(V^V, - V,V J6fc = 0, (5.13) 

then, noting (1.26), we may re-interpret this commutator in terms of the Finsler-nature 
covariant derivatives to read 

bk\n\m - bk\m\n = 0, (5.14) 

SO that the identity (5.10) together with 

biRjkm = (5.15) 

and 

kR'km = 0, kR\ = Q (5.16) 

(see (1.27)) must appear. Since the vanishing UiR^km — UiR^k = takes place in any 
Finsler space, and are linear combinations of i/i and bi (see (A. 7) in Appendix A), 
the contraction of the tensors R^k and R^km by must produce zeros, whence we arrive 
at (5.11). Finally, in view of (1.27), the stipulation (5.13) entails the vanishing (5.12). 
The opposite way, namely derivation of the formulas (5.11)-(5.16) from the stationarity 
condition (5.10), can easily be gone, too. Each of the above formulas (5.11)-(5.16) can 
be taken as the condition that may characterize the 6-stationary Landsberg case instead 
of the departure condition (5.10). 

6. Indefinite (Relativistic) Case 



The positive-definite case (to which the previous four sections were devoted) can 
be juxtaposed with a indefinite pseudo-Finsleroid case, assuming the input metric tensor 
{aij{x)} to be pseudo-Riemannian with the time-space signature: 

sign(aij) = (H ...). (6.1) 

Namely, attempting to generalize the pseudo-Riemannian geometry in a pseudo- 
Finsleroid Finslerian way, we are to adapt the consideration to the following decomposition 
of the tangent bundle TM: 

TM = S+ U E+ U 7^, U U 5;, (6.2) 

which sectors relate to the cases that the tangent vectors y G TM are, respectively, 
time-like, upper-cone isotropic, space-like, lower-cone isotropic, or past-like. The sectors 
are defined according to the following list: 

=[yeS^: ye T^M, b{x, y) > -g-{x)q{x, y)) , (6.3) 



7e+ = (y e 7^+ : ye T,M, -^_(a;)g(a;, y) > b{x,y) > o) 

7^° = (y e 7^° : ye T,M, 6(a;,y) = o), 
n-^(yen-: ye T.M, > h{x,y) > -g+{x)q{x,y)^ 
= (y e : ye T^M, b{x,y) = -t/+(a;)?(x,y)^, 
cS- = (^y e 5; : ye T^M, 6(x,y) < -g+{x)q{x,y)'^, 



7^p = 7^+ u 7^- u 7^°. 



We use the convenient notation 



(instead of (2.10)), 



^ - — = -9-, 9 = — = 
^+ 9~ 



9^^^9 + K 9 =^9-h, 

G+ ^C = -G+l, G- = ^ = -G-l. 
h 2 ' h 2 

The following identities hold 

9+ + 9- = -9, 9+ -9- = 2/i, 

9^ + 9~ ^ 9, 9^ -9~ ^ 2/i, 

9+9- = -1, 9'"9~ = -1, 
together with the g -symmetry 
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It is implied that g — g{x) is a scalar on the underlying manifold M. All the range 

-oo < g{x) < oo (6-21) 

(instead of (2.9)) is now admissible. We also assume that the manifold M admits a 
normalized 1-form b = b{x, y) which is timelike in terms of the pseudo-Riemannian metric 
S, such that the pseudo-Riemannian length of the involved vector be equal to 1. With 
respect to natural local coordinates in the space TZn we have the local representations 

b - bi{x)y\ (6.22) 



where 



S = ^\a,,{x)ty^l (6.23) 

q = ^\n^{x)yiy% (6.24) 

rij{x) = bi{x)bj{x) - aij{x), (6.25) 

a'^bibj = 1, (6.26) 

S^^b^- q\ (6.27) 

b% = 0, (6.28) 

b' -.^aHk (6.29) 



(compare with (2.1)-(2.8)). 

The pseudo-Finsleroid characteristic quadratic form 

B{x, y) := b^ - gqb - q^ = {b + g+q){b + g.q) (6.30) 

is now of the positive discriminant 

D{B} = 4/1^ > (6.31) 

(compare with (2.11) and (2.12)). 

In terms of these concepts, we propose 

Definition. The scalar function F{x, y) given by the formulas 

F{x,y) := ^\B{x,y)\J{x,y) = \b + g.qf+'^\b + g+q\-''-''' (6.32) 



and 

^ -G/4 

J{x,y) 



b + g-q 



b + g+q 

is called the pseudo-Finsleroid-Finsler metric function. 



(6.33) 
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The positive (not absolute) homogeneity holds: F{x,Xy) — XF{x,y) for any A > 0. 
The functions 

L{x,y) = q-^b (6.34) 

and 

A{x,y)^b-^q (6.35) 

are now to be used instead of (2.18) and (2.19), so that (2.20) changes to read 

- = B, A^- = B. (6.36) 

Similarly to (2.21), we introduce 

Definition. The arisen space 

J^JF/^ := {TZn; b{x,y); g{x); F{x,y)} (6.37) 

is called the pseudo-Finsleroid-Finsler space. 

The upperscript "SR" emphasizes the Specially Relativistic character of the space 
under study. 

Definition. The space TZn — (M, S) entering the above definition is called the 
associated pseudo-Riemannian space. 

Definition. The scalar g(x) is called the pseudo-Finsleroid charge. The 1-form h is 
called the pseudo-Finsleroid-axis 1-form. 

It can be verified that the Finslcrian metric tensor constructed from the function F 
given by (6.32) does inherit from the tensor {aij{x)} the time-space signature (6.1): 

sign(^,,) = (+--...). (6.38) 

The structure (2.27) for the Cartan tensor remains valid in the pseudo-Finsleroid 
case, now with 

AhA^ = -— (6.39) 

Elucidating the structure of the respective indicatrix curvature tensor (2.29) of the TTg^- 
space again results in the special type (2.30), with S* — ^g'^, so that 

^pseudo-Finsleroid Indicatrix — (l~l~^9' ) — 

(compare with (2.32)) and 

V ^ 7? - -1 

'^pscudo-Finslcroid Indicatrix ^ '^pseudo- Euclidean Splicre 

The pseudo-Finsleroid indicatrix is a space of constant negative curvature. 
By analogy with (2.33) and (2.34) we obtain the J-'J-'^^ -scalar product 

< 2/1,2/2 >{a:} ■= F{x,yi)F{x,y2)cosh(^a{^}{yi,y2)^, 1/1,2/2 e5+, (6.40) 
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and the TTg^- angle 

1 A(x,yi)>l(x,y2)-/i^<yi,y2>{g 
a;{x}U/i,|/2 :=Tarccosh ?/i,|/2e5J, 6.41) 

where again < t/i,?/2 >{t}= ^ij{^^)y\y2- The J^J^^^- distance As between ends of the 
vectors in the tangent space is now given by the formula 

{Asf = {F{x, yi)f + {F{x, y2)f - 2F{x, y,)F{x, ^2) cosh(Q;{,}(yi, ys)) ■ (6.42) 

Also, 

<y,y {F{x,y)y. (6.43) 

The pseudo-Finsleroid analogue of the angle (2.39) between the Finsleroid axis and 
a vector now reads 

as^xiy) := rarccosh^^M^. (6.44) 

All the motivation presented in previous Sections 4 and 5 when elucidating the 
Berwald and Landsberg cases, can be repeated word-for-word in the present indefinite 
type, with slight changes in formulas. 



7. Conclusions 



Thus, we have geometrized the tangent bundle by the help of the Finsleroid, resp. 
pseudo-Finsleroid, in the positive-definite approach, resp. indefinite approach of the 
relativistic signature. Under the particular condition g = const, the Finsleroid metric 
function K, resp. the pseudo-Finsleroid metric function F, is defined by a 1-form b and 
a Ricmannian, resp. pseudo-Ricmannian, metric. In general, they involve also a scalar, 
the "geometric charge" g{x). 

Both the metric functions, K defined by (2.14) and F defined by (6.32), are positively, 
and not absolutely, homogeneous of the degree 1: K{x,\y) = \K{x,y), A > 0, together 
with F{x, Xy) = XF{x, y), X> 0. Also, they are reversible in the extended sense 

Ki =K, F\ =F. 

\g^-g, y^-y y^-y 

The traditional symmetry assumption K{x, —y) = K{x, y), as well as F{x, —y) = F(x, y), 
remains valid for the vectors y € T^M obeying b{x, y) = 0, and is violating otherwise 
unless (7 = 0. 

Each metric function, K and F, is rotund around the Finsleroid axis and, therefore, 
reflects the idea of the spherical symmetry in the spaces of directions orthogonal to the 
axis. Their indicatrices are spaces of constant curvature, namely positive in case of K 
and negative in case of F . 

The Finslerian and pseudo-Finsleroid spaces arisen are naturally endowed with the 
inner scalar product and the concept of angle. 

We have deduced the affirmative and detailed answers to all the two questions posed 
in the beginning of the present paper. Moreover, we have supplemented the answers 
by explicit and rather simple representations for the key geometric objects associated 
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thereto. A particular peculiarity is that the respective Landsberg-case tensor Ai\j proves 
to be proportional to the lengthened angular metric tensor Tiij, according to (1.19). 

Surprisingly, the tensor Tii^ proves to be entirely independent of the Finsleroid charge 
g (see (A. 16) in Appendix A below), that is of whether the Finsleroid extension of the 
underlying Riemannian geometry is performed or not. In this respect, the tensor is 
universal and is free tractable in, and coming from, the entire context of the underlying 
Riemannian space. 

Having an jFjF^^-space with constant Finsleroid charge, calculations of the /in- 
curvature tensor Pkmn yield the result explicitly in terms of the lengthened angular metric 
tensor Hmn (see (1.18) and the end of Appendix A below) and, in the Landsberg-case 
thereto, the structure of the associated /i/i-curvature tensor Rnkm can clearly be explained 
by the help of the explicit representations (4.1)-(4.30) obtained, in particular the Ricci- 
defiection vector and tensor are remarkably proportional to the tensor Tin^ in accordance 
with (4.21) and (4.22). 

The comprehension of the Landsberg case J^^^^-space in terms of the category of 
a warped product structure (to which Section 5 was devoted) seems to be a constructive 
and handy idea. 

The C°°-class smoothness, though appears frequently in publications devoted to 
Finsler geometry and might outwardly sound as being a desirable attractive tune, is ordi- 
narily ill-incorporating in designs of particular Finslerian metric functions. Our examples 
K and F used are not total exclusions from this rule, namely the functions are analytic 
along any direction except for that which points in, or opposite to, the direction of the 
Finsleroid axis, that is, when g 0. This actually does not destroy the potential applied 
abilities of the Finsleroid metric functions, as long as we exercise a sufficient care when 
encountering with the Finsleroid-axis-directions. The metric functions K and F and 
all the components of the associated covariant vector ^j, as well as the determinant (see 
(A. 6) in Appendix A below) of the Finslerian metric tensor, are all everywhere smooth, 
the divergences (at g = 0) start arising with components of the Finslerian metric tensor. 
In particular, Qij and g'^ (see (A. 2) and (A. 3) in Appendix A below), as well as Ai and A' 
(see (A. 7) and (A. 8) in Appendix A below), are (~ l/g)-singular, and simultaneously the 
contraction A^A^ (see (2.28)) is entirely independent of y. The /iv-curvature tensor in 
the Landsberg case is also singular when g — (see (1.18)), however the very condition 
(1.16) that underlines the Landsberg case is free of any singularities. On the other hand, 
the components of the tensor q^Tii^ are quadratic in the variables y and, therefore, are 
analytical in any direction (examine the right-hand side of the representation (A. 16) 
placed in Appendix A below). 

By following the book [7], we say that the Finsler space is y-global if the space is 
smooth and strongly convex on all of the slit tangent bundle TM \ 0. In many cases it 
is important to supplement the notion by explicit indicating the degree of smoothness. 
The following assertions are vahd. The ^J^^^-space is y-global of the class C^, and not 
of the class C^, on all of the TM \ 0. The ^^/'^-space is y-global of the class C°° on 
all of the b-slit tangent bundle 

%M -.^TM \Q\b\-b (7.1) 

(obtained by deleting out in TM \ all the directions which point along, or oppose, the 
directions given rise to by the Finsleroid-axis 1-form 6; the value g = just corresponds 
to such directions in view of the initial formulas (2.3) and (2.7)), provided the C°°- 
smoothness is assumed for the input Riemannian space TZn — {M,S), the 1-form b, and 
the scalar g{x). 
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Above our consideration was everywhere referred to local vicinities of the points 
a; e M of the underlying manifold. Let us ponder over the possibility to construct global 
^JF^^-structures. In the Berwald case, that is when A; = 0, the tensor rab{z^) looses 
the dependence on z° (as this is evident from (5.4)), so that the underlying Riemannian 
space TZn — {M, S) must be locally the Cartesian product of an [N — l)-dimensional 
Riemannian space TZn-i and an interval of a one-dimensional Euclidean space R, with 
the Tahiz'^) playing the role of the Riemannian metric tensor of the former space and the 
Finsleroid-axis 1-form b being tangent to the latter space. In particular, on the product 
Riemannian spaces 

■Rn = 'Rn-ixR and Tejv = 7ejv-i x §\ (7.2) 

the Berwald-case ^^^^-space structure can be introduced straightforwardly by imposing 
on such spaces the Finsleroid metric function K in accordance with its very definition 
(1.14) and assuming the Finsleroid charge to be a constant. If we modify the construction 
in but multiplying the metric tensor rab{z'^) of the involved space TZn-i by a factor (f){z^), 
we just lift the structure from the Berwaldian level to the Landsbergian type, with the 
function k obtained from (5.6). The Landsberg-type ^^J'^-structures thus constructed 
on the grounds of the product Riemannian spaces (7.2) are ^/-global of the class (and 
not of the class C^) on the slit tangent bundle TM \ 0, and are y-global of the class C°° 
on the 6-slit tangent bundle (7.1) (assuming the input Riemannian space TZn-i and the 
Finsleroid-axis 1-form b to be of the class C°°). 

In the two-dimensional case, N = 2, wc have identically 7i,y = 0. Therefore, the 
implication (3.1) (3.2) noted in Section 3 reduces to Landsberg type — > Berwald type 
and the representation (1.10) reduces to merely Ai = 0, which says us the following: Any 
two-dimensional jFjF^^-space is of the Berwald type, whenever the Finsleroid charge g{x) 
is a constant via the condition (1.6), the Riemannian case being occurred if only g — 0. 
The Landsberg scalar J is zero if and only if the Finsleroid charge g{x) is a constant. 
The two-dimensional analog to the Cartan tensor structure (2.27) is the representation 
A'yfc = -^(•'^)A:^7^fc with the main scalar I{x) = \g{x)\ which is the function of position x 
only. The components of are singular at only q = (the formula (A. 7) in Appendix A 
is applicable to the two-dimensional case), whence the quantity I{x) is meaningful on all 
the indicatrix C Tr^M except for the top and down points. At first sight, a suspicion 
may arise that we contradict to the known and remarkable theorem (see pp. 278 and 
279 in the book [7]) which claims that the independence of the main scalar of tangent 
vectors entails strictly the Riemannian case, that is, / = I{x) entails / = 0. However, an 
attentive consideration of the conditions under which the theorem has been settled out 
just reveals the fact that the conditions imply the ^/-global smoothness of at least class 
to be valid for the Finsler space. It is the lack of the y-global property of the class that 
is the reason why the two-dimensional jFjFj'-^-spacc is spared the fate of degenerating 
to become Riemannian and occurs being of the Berwald type proper. All the formulae 
obtained in Section 4 for the /i/i-curvature tensor are applicable at N=2. In particular, 
the formula (4.6) shows that Ric at = 2 is not zero. 

Comparison with the Randers space brings to evidence many interesting interrela- 
tions. Let the dimension be more than 2. It should be noted first of all that the nature 
of the Berwald case can easily be clarified in the ^^j'^-space as well as in the Randers 
space, resulting in quite a similar condition for the characteristic 1-form b — bk{x)y^ to 
be parallel with respect to the associated Riemannian metric, Vibj = 0. In both the 
jFjF^^-space and the Randers space, the weakly Berwald condition Aj\i = entails the 
complete Berwald condition Ajjnn\i = 0. There is, however, a significant distinction in the 
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structures of the Randers space and the ^^^^-space in respect of the Landsberg-type 

properties. Namely, the identical vanishing A^Aj = may be considered to be the weakest 
necessary condition to underline the full Landsberg condition Ai^j = 0. It proves that 
the identical vanishing of the contraction A^Aj is always valid in the ^jF^^-space with a 
constant Finsleroid charge and never in the non-Riemannian Randers space. The latter 
fact says us that the Randers space can never be of the properly Landsberg type, that is, 
for the Randers space the notions of being Lansberg and being Berwald arc equivalent. 
Can the condition Vibj = k{x){aij — bibj) generate a non-Berwaldian Landsberg space? 
The true answer, namely "yes" in the ^^^■^-space versus "no" in the Randers space, 
can be motivated in simple words. Namely, in both spaces the dotted vector A^ under 
the condition Vibj — k{x){aij — b^bj), as well as the very field A^, is spanned by a linear 
combination of two vectors, yi and bi, so that such two scalars Ci,C2 must exist that 
= CiVi + C2Ai- Since i/Ai is zero in any Finsler space, we must put Ci = 0. The 
watershed is that in J^jT^-^-space, - and not in the Randers space, - we also have zero 
for the contraction AMj which entails that C2 is also zero. So in ^^^^-space we can 
safely pose the condition Vibj = k{x){aij — bibj) to get a non-Berwaldian Landsberg type, 
while such a door is closed for ever in the Randers space. Obviously, the distinction is 
rooted in difference of the algebraic structures of the Cartan tensors associated with the 
^^j^^-space and with the Randers space. It is also interesting to note for comparison 

that the condition of the type Vjftj = ^^(^ij ~ ^i^j) with a — const appears when 
characterizing the Randers spaces of constant flag curvature (see [10,11]). 

Appendix A: Representations for Distinguished ^^j^^-Objects 



With the notation U]^ = y^ank, the direct calculations of the covariant tangent vector 
and Finslerian metric tensor on the basis of the Finsleroid metric function K given by 
(2.14) yield 

Vi = {dijV^ +gqbi)- 



B 



and 



9i3 



g(. 2 b ^ ,N 

ttij + — {^{gq —jbibj - -UiUj + —{biUj + bjUijj 



B ' 



The reciprocal components {g'^^) = {gij) ^ read 



a'j + l(hUV - by - Vy') + J-(6 + gq)y'y' 
q Bq 



B 



We also obtain 



and 



yib' = (& + gq)^, gij^ = {h + gqj^)—, 



K^' B ■ 

The determinant of the tensor (A. 2) is everywhere positive: 



det(^ij) = (^)^det(ay) > 0. 



B 



(A.l) 
(A.2) 

(A.3) 

(A.4) 
(A.5) 

(A.6) 
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By the help of the formulas (A.2)-(A.4) we find 



and 



together with 



A' = BU - (6 + gq)y^ 



N K ■ N 1 

= A% = -gq-. 



(A.7) 



(A.9) 



These formulas are convenient to verify the algebraic structure (2.27) and the contraction 
(2.28). Also, 

Ngh^, 2 



with 



n - h - ^^^^ 



(A.IO) 
(A.ll) 



The last tensor fulfills obviously the identities 

Hijy' = 0, HijA^ = 0, 

which in turn entails 

HijV = hjUi' = 

because A^ are linear combinations of and 6* (see (A.8)). We also have 

g'mi^ = N-2, (A. 14) 



(A.12) 
(A.13) 



(A.15) 



Hi' = - - 4(amZ/" - hhi){y^ - hV) = - \vy, 



and 



K 



' dHjj _ dHk j 
. dy'^ dy^ 

together with 

dy^ dy'^ 



) = kT-Cij - liHkj - ^ ^n ^f~(^fe'^'J ~ AiHkj) (A. 17) 



= 3 



(A.16) 



AnA^ 2q 



{5i^ - hV){akny'' - bh) - {Sk^ - hV){a,ny'' - hh) 



niiakny'' - hh) - niiainy'' - hh) 



The structure (2.27) of the ^jFj^ -space Cartan tensor is such that 
AkAi j = —(^AiAj + hijAkA ) — —(2AiAj + TiijAkA ), 



(A.18) 



(A.19) 
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so that the tensor 

Tij '■— -^ij -^k-^i j (A. 20) 

is equal to 

By comparing (A. 21) with (A. 12) and (A. 13), the identities Tij-y^ = 0, TijA^ = 0, and 

rijb> = bjTi^ = (A.22) 

just follow. 

The tensor 

. — J^f) A . IPt^.i _ A.h A, —A- ^ A, ■ — A- ^ A, ■ -I-/ A-- 4-1 A-- 

(A.23) 

can be expressed as follows: 

Tijmn — ij^ij^mn ~l~ ^irn^jn ~l~ '^in^jm}^ (A. 24) 

showing the total symmetry in all four indices and the properties 

'13 — y ' ijmn 

and 

y '^ijmn — 0) ^ '^ijmn — 0; ^ '^ijmn — 0- (A. 25) 

We use the Riemannian covariant derivative 

Vibj -.^dibj-bka'^ij, (A.26) 

where ^ 

— -a^^'idjani + dianj - dnaji) (A.27) 

are the Christoffel symbols given rise to by the associated Riemannian metric S. 
For the /i/i-curvature tensor we use the formula 

K'R\ 2^ - - y^^^ + 2& (A.28) 

(which is tantamount to the definition (3.8.7) on p. 66 of the book [7]; & — -YnmU"'!/^, 
with the Finslerian Christoffel symbols 7*nm)- The concomitant tensors 

^'^^ -3^1^^^^^ ^^-^^^ 



and 



arise. 

The cychc identity 



fc'" — q:^ vA.3Uj 



Rj'kl\t + Rj^l^k + -Rj\fe|i — P/kuR^lt + P/luR^tk + P/tuR^kl (A. 31) 
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(the formula (3.5.3) on p. 58 of the book [7]) is vahd in any Finsler space. If we contract 
(A.31) by gH'^i, we get: 

d''^ (^R/ii\t + Rj\t\i + = P^\uR^it + P^\uR'^ti + P^\uR^ii- (A. 32) 

Under the Landsberg condition, the tensor P^jki is symmetric in all of its four indices and, 
therefore, the previous identity reduces to merely 

g^' (Rj'u\t + Riit\i + R/u\^ = 0, (A.33) 
which can also be written as 

p'jH = (A.34) 
with ^ ^ 

Pij ■ Q^^Ri mj ~l~ R ijm) 'q^QijR nm- (A. 35) 

This conservation law (A.34)-(A.35) is valid in any Finsler space of the Landsberg type 
and, therefore, in any Landsberg case of the ^^^^-space studied. 

To verify (1.31)-(1.32) the reader can use the relationship 

(the formula (3.8.5) on p. 65 of the book [7]) which is valid in any Finsler space. It is 
easy to check that the insertion of the particular coefficients (1.24) in (A. 36) results in 
the Landsbergian Ajj^i — 0. 

Finally, we are able to compute components of the /it'-curvature tensor Pkmn- To 
this end we use the formula 



Pk'mn = ^ ^ (A.37) 

(see (3.8.4) on p. 65 of [7]) which is valid in any Finsler space. In the jFjF^^-space under 
the only condition that the Finsleroid charge is a constant, direct tedious calculations 
yield the result explicitly in terms of the lengthened angular metric tensor Tlmn, namely 



j^Pk mn — ^ ( f kPmn ~l~ f mPkn k^m ~l~ ^m^k^P 

tkP^mn — Q'^{^kbn)P^m + tmP^kn — Q^{^mbn)P^k — Pkmn + Q^{^^bn)Pkm 



VVjbk - —VkV^VVjhh p'mn - VnVVjhk - VkVVjhn 1 p' 
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9\.H 



2q 



(A.38) 



where 



1 \ B 

3 -B 



(A.39) 
(A.40) 



/^kmn — fkm'^n ~l~ '^kn'^m ~l~ "^rmnVk n '^k'^mVn — A* mn^jk 



(A.41) 



and 



It is easy to observe that 



and 



tk = y'^Vkbh, f = a^'^iifc. 



p i „.n n pi pi 



y ^ k mn ^ 



(A.42) 

(A.43) 
(A.44) 



where the right-hand side agrees exactly with the right-hand side of (1.31). It is also 
easy to verify that upon the Landsbergian condition (1.16) the above tensor Pkmn given 
by (A.38) reduces to the tensor (1.18). 
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